The increasing amount of information flowing through commercial social networks offers clear advantages for companies who can take a valuable feedback from community actions. In particular, the identification of influential users in on-line social network can support companies in designing and targeting marketing campaigns, as influential gate-keepers and diffusers of information can ignite epidemics through word-of-mouth. In this paper, we model a time-dependent commercial social network as a time-varying weighted directed graph. Moreover, we propose an approach to determine opinion leaders and their contributions to a temporal business value, by taking into account behavioural and structural aspects of the commercial social network.
Introduction
• Curiosity and fun: users are encouraged to share entertainment based contents, which attract their curiosity by leveraging on their passions [6] .
It is widely accepted that word-of-mouth communication, both in real life and in online social networks, plays an important role in shaping users' attitudes and behavior [7] . Daily, our own decisions are heavily influenced by the opinions of the people around us and this influence increases with the strength of the relationship. In fact, seeing actions performed by our friends may make us curious and may sometimes tempt us to perform those actions ourselves, [8] . According to [2] and [9] , the majority of people prefer consulting family, friends or colleagues over traditional advertising before buying a new product or experiencing a new service. In other words, before people make decisions, they talk, and they listen to other's experience, opinions, and suggestions. Actually, when people perform an action, they may be influenced by what they have heard of it outside of the online social network (and have decided it is worthwhile) or they may be genuinely influenced by seeing their social contacts performing that action [10] . In what follows, when we talk about influence, we only refer to on-line genuine influence. Even in this case, users of a social networks, do not exert the same level of influence over the other participants. In fact, community members differ widely in terms of the frequency, volume, type, and quality of digital content generated and consumed [11] . Besides, some community members are more influent than other users. Through their own opinions, they guide perceptions and actions of others with respect to specific topics (eg. politics, sports, culture but also products / services / brands).
On one hand, a user may have practical and emotional benefits when participating in online discussions and content sharing processes; on the other hand it appears evident how these conversations have profound commercial implications as well [9] . In fact, in recent years consumers have shown a growing resistance to traditional forms of advertising like television commercials or newspaper [12] , becoming more aware of their needs and expectations. Therefore, in addition to relying upon traditional media, many companies advertise their products and services, through new marketing strategies (e.g. "Viral Marketing") that leverage Web 2.0 technologies .
The Viral Marketing concept is based on promoting products and services through the exploitation of internet word-of-mouth, in order to achieve widespread promotional message among users [13] . The message diffusion follows an exponential model, similarly to a virus within a population.
The "social environment" enables mechanisms of interaction, cooperation and "social experience" among users, and between consumers and companies who can take a valuable feedback from the overall community. According to this perspective, the identification of most influential users (also called "opinion leaders") in a web community is a valuable problem to be studied.
Such a problem is still more important in the case of a time-dependent commercial social network (CSN). A CSN is a social network "designed to support business transaction and to build a trust between an individual and a brand, which relies on opinion of product, ideas to make the product better, enabling customers to participate with the brands in promoting development, service delivery and a better customer experience" [14] .
In a CSN, opinion leaders are individuals who, through their actions and opinions, guide the perceptions of other CSN members towards products or services provided by some companies. In particular, each of them exerts a certain degree of influence on the behavior of customers in the various stages of their purchasing process. These influences may vary with time and have a relevant impact on the CSN business value. Broadly speaking, CSN business value comprises all intangible benefits deriving from social interactions that occur within a CSN in given interval times.
In this paper, we model the influence relationship in a CSN as a time-varying weighted direct graph, and we propose an approach to determine opinion leaders and their contributions to the business value of a time-dependent CSN.
Related Works
In the last decade, social platforms have radically changed the way users interact and share information. Social networks are usually modeled through a mathematical formalism based on graph theory, where the nodes represent individuals and edges (or arcs) represent the relationships and interactions between individuals [15] . Identifying influencer people through social network analysis (SNA) is gaining prominence in many application areas [16] .
In order to identify the roles of individuals in the network, SNA evaluates the importance (also called centrality) of actors in the network as well as analyzes their behaviors and their interactions. In particular, two types of network analysis are studied in literature, [17] : Structural Analysis (which concentrates on measuring centrality taking into account the structure of a network) and Behavioral Analysis (which focuses on the interactions between users rather than the structure of the network, identifying followers who propagate or share contents, and users who are engaged in conversations).
From a structural perspective, several authors have proposed different ways to measure the "importance" of a node in a network: Closeness centrality and Graph centrality [18] are based on the distances with the rest of nodes, while Betweeness centrality and Stress centrality [19] emphasize the medium mediating between a pair of nodes. Another centrality measure that is often used in network analysis is eigenvector centrality [20] . Eigenvector centrality analysis is based on the idea that a node is "more central" if it is in relation with nodes that are themselves central, so the centrality of a node does not only depend on the number of its adjacent nodes, but also on their value of centrality.
More specifically, several studies have highlighted how the structure of a social network can affect the dynamics of user influence in social activities. In [21] and [22] authors measure influence in terms of messages propagation and forwarding activities. Cha et al. [23] use Spearman's rank correlation coefficient in order to measure users' influence in Twitter, while in [24] Rad and Benyoucef study influence in terms of link strength and incoming/ outgoing activities for each node in the network. In [25] , two basic diffusion models are investigated: Linear Thresholds Model and Independent cascade Model. Kundu et al. [26] propose an independent cascade model and a centrality measure in order to find top k influential nodes in large scale directed social networks. In [2] authors propose a frequent pattern mining approach to discover leaders in social networks, studying the propagation of their "influence", while in [11] authors develop an approach to determine "influencing users" based on a nonstandard form of Bayesian shrinkage.
The implicit assumption that underpins the above mentioned researches is that the social network is substantially static, i.e. it has time invariance. As a consequence, most of the proposed approaches are not always well suited to evolving social networks, whose topology changes either at discrete time points or continuously over time [27] , [28] . This is the reason why new approaches for the identification of opinion leaders in complex time-dependent networks have been investigated [29] , [30] . However, such approaches lack in considering the relevance of the business value impact factor in ranking opinion leaders.
An Approach for Opinion Leaders Identification
The identification of opinion leaders and their contribution to a CSN business value constitute an important problem for the CSN company and also all the stakeholders. In a CSN, users are considered to be "potential consumers" of some products or services, and their social interactions are revealed by analyzing their actions on timevarying digital objects on the CSN platform. Three main assumptions underpin our approach:
1. Opinion leaders centrality can be measured by taking into account users' actions that are performed on digital objects on the CSN platform, during time intervals in which the CSN is observed. 2. The CSN business value can be decomposed in chunks, each of which is due to actions that are performed on a certain digital object in a given time interval. 3. The higher is a business value chunk, referred to an object and to an interval time, the more valuable is the centrality of an opinion leader in the CSN restricted to actions performed on that object in that time interval.
Under these assumptions we propose an approach to rank opinion leaders with respect to both their influence degree in a time-dependent CSN and a decomposition of the CSN business value. Such approach is essentially based on a measure of the dynamic centrality of nodes in a time-varying weighted directed graph. In such graph, the weight associated to an arc (x,y) represents a measure of influence of x on y, and varies at discrete times.
Main steps in our approach are the following: 
Modeling Influence Relationship in a CSN
In order to present the model we need to clarify some basic terms: temporal object, user and action.
An object consists of a pair (data, metadata), called object state, and an identifier, called object identifier. For instance, an object may represent a post (containing text, weblinks or digital media) published on a SN platform, a post with some comments, a list of members in a thematic group, and so on.
Depending on the type of the object, a certain number of types of actions can be performed on the object state. An action is what determines the transition from one object state to another (a special action is the "object creation" which determines the transition from the null object state to an initial object state). For instance, if the object represents a post, a user may view this post, may add a comment, may rate it (i.e. "I like" or other rate scale), or may share the post. Here, a user is an entity (individual, organization, …) identified by an account that allows him/her to access the SN platform and to perform some type of actions on an object state.
A temporal ( or equivalently, time-varying) object is defined by an object identifier and a temporal sequence of object states, where a generic element (except the first one) is obtained by performing a suitable action on the previous one. A temporal object is used to represent the object evolution that has been happened on a SN platform in a certain interval time.
Formally, given an object identifier o, we consider the temporal object s(o)=(s 1 , s 2 ,…, s n ), where s 1 represents the null object state, s 2 the initial object state, and the generic element s i , i >1, represents the object state at time t i , after a user u i-1 has performed an action a i-1 on the object state s i-1 . The four sequences s(o), a(o)=(a 1 , a 2 ,…, a n-1 ), u(o)=(u 1 , u 2 ,…, u n-1 ), t(o)= (t 1 , t 2 ,…, t n-1 ), describe the evolution story of the object identified by o in terms of what, how, who and when.
Given a set of users of the SN platform, the influence relationship, due to actions on temporal object s(o), can be modeled by a weighted directed G(o)= , , , where:
, , for x, y , x , and C(o) x,x , . In other words, a user y performing an action on o at a certain time is influenced by another user x that has previously performed an action on the same object. y) is a nonnegative integer that represents the weight of the influence exerted by x on y, with respect to actions performed on a given object o. In order to specify w(o) we need to introduce some further notations:  Let AT 1, AT 2,..., AT k the types of action that can be performed on o.
 Let D=(dij), i,j=1,…k, a nonnegative integer matrix, where d ij is the degree of influence that is exerted on a user performing an action of type AT j , by a user who has previously performed an action of type AT i .  Given (i, j) C(o) x,y , let AT be the action type of a i , and AT the action type of a j
The weight function w(o) is defined as follows:
Centrality in an Influence Graph
In order to determine centrality vector in an influence graph, we can use the eigenvector centrality, based on the he well known mutually reinforcing relationship assumption [31] : "a node is important if it is connected with other important nodes.
Eigenvector centrality, also called rank prestige [32] is a measure in which the centralities or statuses of positions are recursively related to the centralities or statuses of the positions to which they are connected. We assume that if a user is recognized as influential by someone seen in turn as influential by others, this may contribute to the influence measure of the first one.
Let F=( f ij ) be an adjacency matrix of an influence graph, where f ij represents a measure of the influence exerted by a user i on a user j, and let x be a vector of centrality scores. Importance of a generic user i is proportional to the influence exerted on other users. Numerically, it is natural to express this mutually reinforcing relationship as follows:
)
(1)
In matrix notation with x= , , … , this yields
Standards results of linear algebra lead to state that (2) is a solvable system of equations. If F is an n × n matrix, Eq. (2) has n solutions corresponding to n values of λ. More precisely, a solution is given by setting λ=λ*, the dominant F T eigenvalue, and x=x*, a nonnegative eigenvector of F T in the eigenspace associated with λ*. A normalization of x* gives a measure of the eigenvector-centrality of the nodes in an influence graph. The effect that different normalizations have on the interpretation of eigenvector-centrality within a graph is investigated in [33] . In order to calculate eigenvector centrality many algorithms have proposed in literature. Most of them are based on adaptations of the Hits (Hyperlink-Induced Topics Search) algorithm, introduced by Kleinberg, [32] , [34] .
Temporal Valued Centrality in a CSN
In order to define and compute the temporal (business) valued centrality we consider a sequence of time intervals , ,… , and a given set O of objects. Let us consider the subsets C i ( ) x,y = p, q , : , In our example, we may consider the following entries of matrix D: The following footprints represent the influence relationship evolution: The eigenvector centrality (with respect a sum normalization) is: The temporal valued centrality (with respect a sum normalization) is:
x y v z tvc 0,318395 0,32692 0,317751 0,036935
In alternative 1, the temporal evolution of the network has not been taken into account. As a consequence, the user x is regarded as the "most important" opinion leader, even if he/she has been active only in the initial phase of temporal evolution of the object o.On the contrary, our approach (in alternative 2) gives the temporal (business) valued centrality of network users; x,y and v . are almost equally ranked as opinion leaders. This is due to the fact that we have considered different CSN business values chinks, for each time interval, and the users have participated in a discontinuous way to the "CSN's life".
Conclusions and Future Works
Social networks have a strong impact on the way users interact and share information. The individuation of influential people can help companies, advertisers and marketing professionals in designing more effective campaigns. In particular, online opinion leaders should be targeted as a high priority group in viral marketing campaigns, as they can ignite epidemics like influential gate-keepers and diffusers of information on the Internet [35] .
In this paper we have introduced an approach aimed to determine opinion leaders and their contributions to the business value of a time-dependent commercial social network (CSN). More specifically, our approach takes into account both behavioural aspects (actions users perform on the CSN platform in different time intervals) and structural aspects (eigenvector centrality) of a CSN. Future steps should be addressed to the validation and experimentation of the underlying model, as well as to further extensions where trust aspects of the relationship between users are considered.
Of course, individuals may interact with people inside and outside their CSN. A limitation of the model lies in that it does not consider interactions occurring through other web platforms or digital media (instant messaging, SMS, e-mails, and so on) as well as offline interactions. Besides, present features of today's advanced platforms of social commerce make also available data on the influence that opinion leaders exert on customers in persuading them and conditioning their purchasing behavior. These remarks suggest new research directions aimed to overcome current shortages of the approach presented in our work.
